The aim of this work is to give the theoretical background of liquid-phase polymer-based retention (LPR) technique, provide a complete model of separation process, and evaluate its application for the removal of pollutant inorganic ions (PIIs) from aqueous solution. Thus, fundaments of LPR modeling by washing method from the ion distribution in active and passive zones are specified and its application was evaluated for cadmium removal using poly(sodium styrene sulfonate) as water-soluble polymer (WSP). LPR simulations were performed using a semiempirical description from data of concentration, filtration factorm, and retention coefficients. It is concluded that semiempirical simulation of PII retention by WSP can be performed from a small amount of experimental data using the described modeling. In addition, new approximations associated with molecular structure of polymer should be performed and linked to parameters of LPR experiments.
Introduction
The aim of this work is to give the theoretical background of LPR technique, provide a complete model of separation process, and evaluate its application for the removal of pollutant inorganic ions (PIIs) from aqueous solution. Thus, to start, it is important to indicate that membrane separation processes are very attractive for waste, pollutant natural and drinking water treatment due to their simplicity of operation and moderate energy consumption [1, 2] . In the case of ultrafiltration (UF), this technique has been applied to the treatment of effluents that contain particulate materials, dissolved species with high molecular weight, and metal ions when a strength membrane-metal interaction is present [1] [2] [3] [4] [5] . In UF systems, the membrane acts as a porous barrier at molecular level, but the pore size is too large that it is not possible to retain dissolved inorganic ions unless these are present in a colloidal form. On the other hand, the addition of water-soluble high molecular weight species to the UF unit with a strength polymer-ion interaction leads to ion retention by the formation of new macromolecular species which can be easily retained by sizeexclusion mechanism. Moreover, metal selective extraction can be achieved if specific chelating or ionic groups are bonded on the polymeric chains [3, 5] . This technique has been named in different ways: liquid-phase polymer-based retention (LPR) [3, 5, 6] , polymer assisted ultrafiltration (PAUF) [7, 8] , ultrafiltration-complexation [9] [10] [11] [12] [13] , polymer or polyelectrolyte enhanced ultrafiltration (PE-UF) [14] [15] [16] [17] [18] , or, simply, enhanced ultrafiltration [19, 20] .
The principle of LPR was firstly suggested by Michaels in 1968 and Blatt et al. (1968) presented a theoretical discussion to connect the method of analysis by diafiltration with continuous ultrafiltration [20] . Geckeler et al. (1986) carried out the first experimental advances and analytical applications related to this technique [6, 21, 22] . Later, many research groups have worked on the evaluation and description of retention properties of different water-soluble polymers (WSPs) for environmental and analytical applications [5, [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] ; it is important to highlight the works done by Rivas et al. related to the modeling and development of new experimental configurations and novel applications of this technique [3, 31, 32 ]. separate low molecular weight species dissolved in aqueous solution [5] . Thus, a WSP solution and a metal ion solution are contacted in the feed-side of an UF system; the metal ions are consequently bonded to the polymer and new macromolecular species are formed and retained by a sizeexclusion mechanism while the unbounded species, with a diameter smaller than cutoff diameter of the membrane, passes to the permeate stream [5, 20] . Usually LPR technique can be applied by two operation methods: (1) the washing method or elution method (with the ionic strength kept constant or not) which is the most used method to study the PII's retention capacity of a polymer in aqueous solution and is a discontinuous separation process and (2) the enrichment method or concentration method which is a continuous separation process [5] . In the washing method, a certain amount of polymer and PII solutions with known concentrations are placed in the feed-side of an UF cell and a water stream is passed through the cell [5, 22, 25] . On the other hand, for the application of the enrichment method, the WSP solution is placed in a stirred cell and a PII solution is added continuously from a pressurized reservoir. However, when the bonding groups of the WSP are saturated by their interaction with the PII in the solution, the maximum retention capacity (MRC) of polymer is reached and the process cannot continue [5, 20] . Evidently, the physicochemical properties of the WSP and the polymer-metal complexes must be taken into account and their interaction with the membrane surface is also very relevant. During the retention and separation process by LPR, the permeate is removed at the same rate, keeping the volume in the feed cell and the polymer concentration constant all the time [20] . Reviews on LPR technique have been performed by Geckeler et al. [6, 21, 22] and most recently by Rivas et al. [3, 5] (see Figure 1) .
The LPR technique can be visualized like cyclic separation process and thus it should be economically more feasible when WSP can be regenerated and reused. Among regeneration methods of the WSP are the chemical methods (protolysis, transcomplexation, and redox reaction), electrochemical methods, and thermal methods [3] . In this way, new options of regeneration of chelating groups by using new components incorporated to the system can be useful to make the process more feasible.
The LPR technique, either by washing method or by enrichment method, is based on the interaction between the WSP and the PIIs in aqueous solution and the progressive retention by an UF membrane of the new species formed [20] . The type of interaction depends on the chemical nature of the WSP functional groups. In any case, these interactions are mainly due to electrostatic forces and the formation of coordinating bonds. The variables that affect the WSP-PII interaction are classified into two groups: intrinsic to the polymer (i.e., the nature of the atoms in the backbone chain, the nature of the functional groups attached to the backbone, the structure and composition of the polymer, the molecular weight and the polydispersity, the distance between the functional groups and the backbone, the degree of branching, etc.) and extrinsic to the polymer (i.e., charge and type of the metal ion, the pH of the solution, the ionic strength, the temperature, and the dielectric constant of the medium) [3, 5, 6, 12] .
From a molecular point of view, PII retention by WSP during the application of LPR technique can be understood from the description of three types of main interactions: (1) WSP-PII interaction, (2) membrane-PII interaction, and (3) WSP-membrane interaction [20] . Commonly, WSP-PII interaction has been the attention focus in many researches where it is assumed that retention capacity of polymer is very high in comparison with retention capacity of the membrane and, in consequence, membrane is assumed to be inert in many cases.
If WSP and PII solutions are contacted, the ion distribution in the UF cell is governed by the WSP-PII interactions and the electrostatic attraction between WSP chains and PII in solutions can be discussed by counterion condensation theory (CCT) [33, 34] . There are several approaches to describe counterion condensation in WSP solutions by cell models. In the first approach, two-state model or two-zone model proposed by Oosawa and Manning, the counterions are separated into "free" and "condensed. " Free counterions can explore the solution volume (external zone), and the condensed counterions are located within a small volume surrounding the polymer backbone which is assumed to be rodlike (polymer domain or internal zone) [35, 36] . Thus, during LPR technique by washing method, PIIs are distributed in the external and internal zones of a WSP solution and only PIIs distributed in the external zone can be eluted from UF cell to permeate stream. On the other hand, during LPR technique by enrichment method, PIIs are added to the external zone and transported to internal zone as PII concentration in the external zone is continuously increased. In this case, concentration of PIIs in the permeate depends on their distribution between the external and internal zones [31] .
As modeling strategy, LPR system can be described as a group of four independent regions contacted with a fifth "passive" region [31] . The regions considered are (1) reservoir (which is a passive component in the washing method, but in other operation modes, such as the enrichment method, it should be considered), (2) solution bulk (which is the fraction of the solution where metal ions are not affected by the interaction with some retainer component of the cell which can be, for example, WSP or membrane), (3) permeate (this is the fraction of solution which can pass through the membrane and corresponds only to solvent and solutes distributed in the solution bulk), (4) membrane surface (which is based in the adsorption process on polymeric surfaces and retention properties of polymer in solid phase when an aqueous stream is passed through it), and (5) polymer domain (which is the region where the strongly interacting counterions with the polymer are distributed) [31] . If the membrane is considered to be an inert component and the polymer is not present in the cell (blank experiment) then regions 1, 2, 3, and 4 can be considered under a hydrodynamic control and system can be described from filtration theories; when the polymer is present and membrane is not inert, regions 2, 4, and 5 are assumed to be controlled by two factors: a hydrodynamic control resulting from its interaction with regions 1, 3, and 4 and a physicochemical control related to the WSP-PII and membrane-PII interactions.
Under the consideration of ion distribution interacting regions, the filtration cell is like a continuously stirred tank reactor, and therefore it is identical in design requirements to the batch reactor except for the introduction of a constant flow of feed and a constant removal of reactor contents so that the reactant volume in the reactor remains constant. Thus, the filtration cell is inherently a steady state reactor. This is accomplished by keeping the volume, temperature, feed rate, and pressure of the filtration cell constant during the experiment.
To describe the LPR technique by "ion distribution model" for washing method, system retention ( syst ) is the result of PII transport between regions 2 → 4 (from bulk of solution to membrane surface) and between regions 2 → 5 (from bulk of solution to polymer domain) at = 0. In a long enough time (if → ∞ then → ∞; is defined to be the "filtration factor" and is equal to the volume of permeate, , divided by solution volume in the cell, ) a new distribution of PII in the system is obtained. In this case, retention by the polymer is the fraction of PII distributed in the polymer domain ( pol ) and retention by the membrane is the fraction of PIIs distributed in the surface polymer ( ) which cannot be eluted by continuous addition of solvent from reservoir in the experimental conditions of pressure, temperature, pH, ionic strength, polymer-metal ratio, and so forth. Thus, different situations can be analyzed: (1) modeling of inert system, (2) membrane-PII interaction parameter (modeling of blank experiment), (3) WSP-PII interaction parameter (modeling of LPR in presence of WSP considering the membrane as an inert component), and (4) WSP-membrane-PII interaction parameters [31] .
For the first case, modeling of inert system, if an inert system is considered then PIIs can be distributed in regions 2 and 3. In this case, from the following mass balance
where and are the number of moles distributed in regions 2 and 3, respectively, and 0 is the number of moles initially placed in the cell. Since = and = ( ) = + , it is obtained that
where and are cell and permeate concentrations, respectively. Since the mathematical expression described by (2) relates three interdependent variables, , , and , the assumption of a linear approximation is useful in order to obtain an analytical resolving of (2). Thus, for small values of Δ (where Δ = − −1 for the th fraction recollected of permeate) it can be assumed that =
Journal of Chemistry being an empirical parameter which describes the relative changes of and as functions of . By considering of a linear dependence and , from (2) and (3),
Resolving and evaluating for boundary conditions at = 0 and 1 (at = 0, = 0 and = 0; at 1 , = and = ) are obtained:
where and , in terms of LPR experiments, are given by
where and , are the volume and the concentration of each one of the permeate fractions recollected. Note that can be easily calculated from experimental measures. Thus, one value of can be obtained from a plot of versus . For the situation where is not linear with respect to , several values of can be assigned depending on the selection of approximately linear ranges defined according to the experimental data.
For the second case, membrane-metal interaction parameter (modeling of blank experiment), for blank experiment, PIIs can be distributed in regions 2, 3, and 4 since membrane is not assumed to be an inert component of the system. Describing the PII adsorption on the membrane surface by means of Donnan's equilibrium given by
the following membrane-PII interaction constant ( ) can be defined:
where is the number of PII moles adsorbed ( ) per unit of membrane mass ( ). Thus, is defined to be equal to distribution coefficient analogously to the strategy used to describe the affinity between PII and polymeric resin [16] .
From (8) it is concluded that = , where is the number of moles in region 4. Thus, from mass balance in regions 2, 3, and 4 the following relation is obtained:
By (3) and (9)
Note that, implicitly, it was assumed that retention properties of membrane are not affected by the elution of PIIs in the other regions. This assumption is strongly dependent on nature of membrane-PII interaction. However, for high levels of membrane-PII interaction can be appropriate since the adsorption on membrane surface will be favored, and for low levels of membrane-PII interaction, the membrane can be considered an inert component. In consequence, the model considers that the initial concentration of PII in the cell at = 0 is modified by membrane-PII interaction and therefore an effective initial concentration 0 can be obtained.
Resolving and evaluating for boundary conditions at = 0 and 1
where can be defined as a system interaction parameter given by = 1 + −1 . For the third case, WSP-PII interaction parameter (modeling of LPR in presence of WSP considering the membrane as an inert component), it is seen that it corresponds to one typical assumption done for LPR in retention experiments. This situation is achieved as a result of adequate selection of the material of the membrane or by control of the experimental conditions (e.g., pH and ionic strength). According to the proposed model, PIIs can be distributed in regions 2, 3, and 5, and the polymer WSP-PII interaction constant ( 1 ) can be described through Donnan's equilibrium between polymer domain and bulk of solution according to Manning's theory which is given by
Thus, pol can be defined as
From (13) it is concluded that = pol pol , where is the number of moles in region 5 and pol is the volume of polymer domain. From mass balance in regions 2, 3, and 5 the following relation is obtained:
By (3) and (14),
Solution of (15) is analogous to (10) and therefore
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Finally, for WSP-membrane-PII interaction parameters, PIIs can be distributed in regions 2, 3, 4, and 5, and 1 and can be described through Donnan's equilibriums given by (7) and (12) assuming that these interactions can be considered to be independent; that is to say, retention properties related to one specific interaction are not affected by the occurrence of the other. Thus, the change of number of moles distributed in regions 4 and 5 is given, respectively, by = and = pol pol ; therefore
And it can be obtained that
Solution of (18) is analogous to (10) and (15), and therefore
where
Materials and Methods

Reagents and Filtration Unit.
In order to evaluate the LPR modeling, commercially available poly(sodium styrene sulfonate) (PSSNa, Aldrich) was used as WSP. Cadmium nitrate (analytical grade from Merck) was used to prepare the PII solutions. WSP and PIIs were selected because sufficient theoretical and experimental data related to LPR technique are available from previous publications. Polyethersulfone (PESm) disk-shaped membranes (Biomax PBGC; nominal molar mass cutoff of 10 kDa, Amicon BioseparationsMillipore Co.) were used in all experiments. Experiments were performed in a stirred-cell filtration unit (Millipore, model 8050). The components and operation modes of the filtration system have been described in previous publications [20] and include a reservoir tank, filtration cell, magnetic stirring system, ultrafiltration membrane, and pressure system (Figure 1(c) ).
Experimental Procedure
Retention of PIIs by the Washing Method.
In each experiment, 10 mL of a 20 mmol/L WSP solution was mixed with 10 mL of a 3.74 mmol/L PIIs solution. The working pH (2.0, 3.5, and 5.0), operating pressure, and stirring rate were 6.0, 300 kPa, and 200 rpm, respectively. These operating conditions have been previously established [19, 20, 31] . Permeate fractions with a volume of 20 mL were collected, and the PII concentration was measured by atomic absorption spectroscopy (AAS, Unicam Solaar M5). A blank experiment was performed using the same experimental conditions.
Semiempirical Simulation of LPR Experiments.
Experiments were simulated from the experimental data obtained in Section 3.2.1 and by using (19) . By combining syst for the washing method ( syst = 1 − −1 in ) and (19) , syst can be expressed as a function of the model parameters
Consequently, the retention for infinite dilution ( ∞ for → ∞) was calculated according to
where 0 and were calculated using experimental data and linearizing (19) . The parameter was determined by the linear correlation of experimental data using (3).
Simulation of LPR Experiments from Retention Values.
LPR experiments were simulated from membrane and WSP data previously published [20, 23, 31] . These data are summarized in Table 1 .
Results and Discussion
Description of LPR Experiments from Experimental Data and Semiempirical
Simulation. The effect of (6) on the behavior of experimental data can be easily evidenced (see Figure 2 ). Thus, data denoted to be "a" correspond to the average concentration values of permeate fractions collected in the tubes whereas data denoted as "b" correspond to effective concentration values in the permeate. This first observation suggests that the experimental data report of LPR, by washing method, should be done using the accumulated concentrations instead of partial concentrations. It is clear that curve "a" is strongly affected by the experimental design of the experiments (note that for 200 mL in "a" apparently the PII concentration in the aqueous effluent has been completely eliminated; however, from curve "b" it can be seen that PII concentration in the effluent is relatively high in comparison with initial concentration). Thus, apparently PII concentration could be identified to be zero when really this is not like that.
It can be seen that experimental data are satisfactorily described by linear form of (19) (see Figure 3(a) ). However, it is clear that experimental error should be minimized in order to obtain an adequate value of 0 . On the other hand, it can be seen that the product can be easily determined from / (intersection at the -axis divided by slope). Though with information obtained from experimental data a simulation based on (19) can be performed, the parameter includes all information about interactions associated with the WSP-PII, membrane-PII, and WSP-membrane-PII interactions.
From Figure 3 (b) it can be seen that (3) is not the better approximation for the description of relation between and . This supposition only is valid for short ranges of and its evaluation is required depending on each system under study. Filtration factor (F) In consequence, it is concluded that it is required to know an adequate value of and analyze the interaction parameters by new approximations. Retention profiles for PSSNA-Cd and blank experiment are shown in Figure 4(a) . In addition, from Figure 4 (b) it can be seen that (19) can simulate adequately the retention profile from experimental data (semiempirical modeling). However, when retention by WSP ( pol ) at = 6.7 is compared with ∞ it is concluded that pol < ∞ ( pol = 96.5% and ∞ = 95.9%); thus, by modeling of LPR experiments more precise formulations of WSP necessary to remove an amount of PII can be performed when a more significant difference between pol and ∞ is evidenced.
LPR Simulation from Retention Values.
In order to simulate the retention profiles for different values of in and using retention values previously published it is necessary to define some model parameters. Thus, it is clear that, by definition, 0 can be determined from (1 − pol ) in ; however, it was noted that for experiments described in the previous section this is not completely valid; therefore, a correction factor was required and this was determined by comparison of 0 with (1 − pol ) in ; thus, the correction factor calculated was 2.18 and 0 used for each simulation was calculated to be 2.18 (1 − pol ) in .
Retention profiles are shown in Figure 5 (a) and the variation of ∞ is shown in Figure 5 (b). It can be seen that the model permits the description of retention profiles and the projection of new profiles from a small number of experiments and experimental data.
On the other hand, the need to use a correction factor is supported in the fact that the comparison of experimental results with theoretical predictions reveals only a partial agreement and the need to define explicitly the product and to refine the knowledge of changes of during the elution. However, it is suggested that the differences between experiment and modeling are a result of variation in the experimental conditions which are not consistent with theoretical assumptions (i.e., conformational changes of WSP in solution, volume measures with a low precision, initial time to achieve the equilibrium pressure, polydispersity of the polymer chains, and changes of ionic strength during the elution can affect the capture of experimental data).
Conclusions
A complete modeling of LPR technique by washing method is described from the PII distribution in regions (retainer elements and passive zones) of the UF system; in consequence, semiempirical simulation of PII retention by WSP can be performed from a small amount of experimental data. In addition, it is concluded that it is required to know adequate values of and , as well as to analyze the interaction parameters by new approximations associated with molecular structure of polymer.
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